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SINGULAR COEFFICIENTS IN THE K-THEORETIC
FARRELL-JONES CONJECTURE
GUILLERMO CORTIN˜AS AND EMANUEL RODRI´GUEZ CIRONE
Abstract. Let G be a group and let k be a field of characteristic zero. We
prove that if the Farrell-Jones conjecture for the K-theory of R[G] is satisfied
for every smooth k-algebra R, then it is also satisfied for every commutative
k-algebra R.
1. Introduction
Let G be a group; a family of subgroups ofG is a nonempty family F closed under
conjugation and under taking subgroups. A G-space is a simplicial set together with
a G-action. If F is a family of subgroups of G and f : X → Y is an equivariant
map of G-spaces, then we say that f is an F-equivalence (resp. an F-fibration) if
the map between fixed point sets
f : XH → Y H
is a weak equivalence (resp. a fibration) for every H ∈ F . A G-space X is called a
(G,F)-complex if the stabilizer of every simplex of X is in F . The category of G-
spaces can be equipped with a closed model structure where the weak equivalences
(resp. the fibrations) are the F -equivalences (resp. the F -fibrations), (see [4,
§1]). The (G,F)-complexes are the cofibrant objects in this model structure. By a
general construction of Davis and Lu¨ck (see [8]) any functor E from the category
Z-Cat of small Z-linear categories to the category Spt of spectra which sends
category equivalences to weak equivalences of spectra gives rise to an equivariant
homology theory of G-spaces X 7→ HG(X,E(R)) for each unital ring R. If H ⊂ G
is a subgroup, then
HG∗ (G/H,E(R)) = E∗(R[H ]) (1.1)
is just E∗ evaluated at the group ring. The strong isomorphism conjecture for
the cuadruple (G,F , E,R) asserts that if f : X → Y is an F -equivalence, then
the induced map HG∗ (f, E(R)) is an isomorphism. The isomorphism conjecture
for the quadruple (G,F , E,R) asserts that if E(G,F)
∼
։ pt is a (G,F)-cofibrant
replacement of the point, then the induced map
HG∗ (E(G,F), E(R))→ E∗(R[G]) (1.2)
–called assembly map– is an isomorphism.
A group is called virtually cyclic if it contains a cyclic group of finite index. The
K-theoretic Farrell-Jones conjecture for a group G with coefficients in a ring R
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is the isomorphism conjecture for the quadruple (G,Vcyc,K,R); here Vcyc is the
family of virtually cyclic subgroups of G.
Our main result is the following.
Theorem 1.3. Let F be a family of subgroups of G that contains all the cyclic
subgroups. Let k be a field of characteristic zero and let f : X → Y be a (G,F)-
equivalence. Suppose that HG(f,K(R)) is a weak equivalence for every commu-
tative smooth k-algebra R. Then HG(f,K(R)) is a weak equivalence for every
commutative k-algebra R. In particular, if the (strong) isomorphism conjecture
for (G,F ,K,R) holds for every commutative smooth k-algebra R, then it holds for
every commutative k-algebra R.
Corollary 1.4. Let G be a group. If G satisfies the K-theoretic Farrell-Jones con-
jecture with coefficients in every commutative smooth Q-algebra R then it also sat-
isfies the Farrell-Jones conjecture with coefficients in any commutative Q-algebra.
Next we sketch the structure of the proof of Theorem 1.3. First observe that any
commutative k-algebra is a filtering colimit of subalgebras of finite type. Hence it
suffices to prove the theorem for R of finite type over k, since K-theory commutes
with filtering colimits. Recall that the opposite of the category of commutative
k-algebras of finite type embeds as the full subcategory of affine schemes inside the
category Schk of separated k-schemes of finite type. The K-theory of a scheme
S can be defined as the K-theory of a certain dg-category PerfS. We extend
the definition of equivariant homology so that we can take coefficients in a scheme
S ∈ Schk. It is characterized by
HG∗ (G/H,K(S)) = K∗(PerfS ⊗ Z[H ]).
Here ⊗ is the tensor product of dg-categories; Z[H ] is considered as a dg-category
with trivial grading and zero differential. When S is affine, we recover the usual
definition of equivariant K-homology; we have
K∗(PerfSpecR ⊗ Z[H ]) = K∗(R[H ]).
Our construction of equivariant K-homology with scheme coefficients gives a
functorial spectrum HG(X,K(S)), covariant in the first variable and contravariant
in the second. Hence for each G-space X , we have a presheaf of spectra on Schk
S 7→ HG(X,K(S)).
Any equivariant map f : X → Y induces a morphism of presheaves HG(f,K(S)).
Our hypothesis says that for f as in the theorem and S smooth affine, the natural
map HG(f,K(S)) is a weak equivalence; we would be done if we could prove that
HG(f,K(S)) is a weak equivalence for all S ∈ Schk. There is a Grothendieck
topology on Schk, Voevodsky’s cdh-topology, with respect to which every scheme
S is locally smooth (here we use that char(k) = 0). Hence our hypothesis says
that HG(f,K(S)) is a local weak equivalence; we want to show that it is a global
weak equivalence. To do this we need some results from the theory of presheaves
of spectra and Grothendieck topologies. Given a category C with a Grothendieck
topology t there is a model category structure on the category of presheaves of
spectra on C where the weak equivalences are the t-local weak equivalences, and
is such that any weak equivalence between fibrant presheaves is a global weak
equivalence. In particular any t-local weak equivalence S → T induces a global
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weak equivalence St → Tt between fibrant replacements. Thus in our case we have
that HG(f,K(S))cdh is a global equivalence. Let
FHG(X,K(S)) = hofiber(HG(X,K(S))→ HG(X,K(S))cdh).
We have a map of fibration sequences
FHG(X,K(S)) //

HG(X,K(S))

// HG(X,K(S))cdh
≀

FHG(Y,K(S)) // HG(Y,K(S)) // HG(Y,K(S))cdh
(1.5)
We know that the rightmost vertical map is a weak equivalence, and we want to
show that the same is true of the vertical map in the middle. By the five lemma,
it suffices to show that the leftmost vertical map is a weak equivalence. There is
a similar sequence with cyclic homology substituted for K-theory, and we prove
in Theorem 5.7 that for every G-space X and every S ∈ Schk there is a weak
equivalence
FHG(X,K(S))
∼
−→ FHG(X,HC(S))[−1]. (1.6)
Here the cyclic homology HC is taken over Z.
We prove in Proposition 6.2 that if F contains all the cyclic subgroups of G and
f : X → Y is a F -equivalence of G-spaces, then the induced map
FHG(X,HC(S))
∼
−→ FHG(Y,HC(S)) (1.7)
is a weak equivalence for all S ∈ Schk. This concludes the proof.
The rest of this paper is organized as follows. At the beginning of Section
2 we recall some basic notions about presheaves of spectra which we shall need.
These include the notion of descent with respect to the Zariski, Nisnevich, and cdh
topologies. Each of these topologies is generated by a class of cartesian squares in
Schk
T˜
q

j // S˜
p

T
i // S
(1.8)
closed under isomorphisms; such a class is called a cd-structure. A presheaf E of
spectra satisfies descent with respect to the square (1.8) if it sends it to a homotopy
cartesian diagram of spectra. If P is a cd-structure, we say that E satisfies descent
with respect to P if it satisfies descent for every square in P . If P is any of the
cd-structures considered in this paper, descent with respect to P is equivalent to
descent with respect to the topology tP generated by P . Towards the end of the
section we recall some basic notions from the theory of dg-categories, including
the definition of the pretriangulated dg-category PerfS associated to a scheme S.
Section 3 is concerned with descent properties of functors from dg-categories to
spectra which are Morita invariant and localizing (such as, for example, K-theory
and cyclic homology and its variants). We prove in Theorem 3.2 that if E is such a
functor and A is a dg-category over k, then S 7→ E(S⊗k A) satisfies descent with
respect to those cartesian squares (1.8) such that i is a regular closed immersion
of pure codimension d and p is the blow-up along i. In Section 4 we introduce
equivariant homology with scheme coefficients. We show in Subsection 4.2 that any
Morita invariant functor E from dg-categories to spectra gives rise to an equivariant
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homology theory of G-spaces HG(X,E(S)) with coefficients in S ∈ Schk such that
HG(G/H,E(S))
∼
−→ E(PerfS⊗Z[H ]). In Subsection 4.3 we construct a functorial
equivariant Chern characterHG(X,K(S))→ HG(X,HN(S)) from equivariantK-
theory to equivariant negative cyclic homology. We write HG(X,K inf(S)) for the
homotopy fiber of this character. In Section 5 we use Theorem 3.2 and a result
from [5] which we recall in Theorem 5.4, to prove in Proposition 5.5 that if k is a
field of characteristic zero, then the presheaves HG(X,K inf(?)) and HG(X,HP (?))
satisfy cdh-descent on Schk; here HP is periodic cyclic homology. Then we use the
latter result to prove (1.6) (Theorem 5.7). In Section 6 we prove (1.7) (Proposition
6.2) and Theorem 1.3 (Theorem 6.4).
Remark 1.9. By combining our Corollary 1.4 with results recently announced by
Carlsson-Goldfarb [2], one could conclude that the Farrell-Jones conjecture in K-
theory holds with coefficients in any commutative Q-algebra, for G a torsion-free,
geometrically finite group of finite asymptotic dimension.
2. Preliminaries
2.1. cd-Structures. Let k be a field. Let Schk be the category of separated k-
schemes of finite type and let
T˜
q

j // S˜
p

T
i // S
(2.1.1)
be a cartesian square in Schk. We say that the cartesian square (2.1.1) is Nisnevich
if i is an open immersion and p is an e´tale morphism that induces an isomorphism
between the reduced schemes
(S˜− T˜)red
≃
−→ (S− T)red. (2.1.2)
A Zariski square is a Nisnevich square such that both i and p are open immer-
sions; in this case condition (2.1.2) means that S = i(T) ∪ p(S˜). We say that
the cartesian square (2.1.1) is a regular blow-up if i is a regular closed embedding
of pure codimension d and S˜ is the blowup of S along T. In general a cartesian
square (2.1.1) is an abstract blow-up if i is a closed immersion and p is a proper
morphism that induces an isomorphism (S˜ − T˜) → (S − T). A cd-structure on
a small category C is a set P of commutative squares in C which is closed under
isomorphisms. A category C with a cd-structure P has an associated Grothendieck
topology tP (see [23, Section 2]). The Zariski and the Nisnevich topologies in Schk
are the topologies generated by the Zariski and the Nisnevich squares, respectively.
The cdh topology is the topology on Schk generated by the combined cd structure
which consists of the Nisnevich squares and the abstract blow-up squares.
2.2. Presheaves of spectra and descent. Let C be a small category. The cate-
gory SptC
op
of presheaves of spectra has a model structure, called the global injective
model structure, in which weak equivalences and cofibrations are defined objectwise
and fibrations are defined by the right lifting property. If C is equipped with a
Grothendieck topology t we can endow SptC
op
with a different model structure, as
we proceed to explain. Let at denote the associated sheaf functor from the category
of presheaves of abelian groups on C to the category of sheaves of abelian groups
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on (C, t). A t-local weak equivalence is a morphism E → F that induces an isomor-
phism atpi∗E → atpi∗F on the associated sheaves of stable homotopy groups. The
t-local injective fibrations are defined by the right lifting property with respect to
those morphisms which are (objectwise) cofibrations and t-local weak equivalences.
The classes of (objectwise) cofibrations, t-local injective fibrations and t-local weak
equivalences satisfy the axioms for a model structure on SptC
op
[12, Theorem 3.24]
which we will call the t-local injective model structure.
Let E be a presheaf of spectra on C and let (2.1.1) be a diagram in C. We say
that E has descent for the square (2.1.1) if the diagram
E(T˜) E(S˜)oo
E(T)
OO
E(S)
OO
oo
(2.2.1)
is homotopy cartesian. Given a cd-structure P on C we say that E has descent
for P if it has descent for every square in P . Suppose that P is complete, regular
and bounded in the sense of [23, Definitions 2.3, 2.10, and 2.22]. For example, the
Zariski, Nisnevich, and combined cd-structures on Schk have all these properties
([24, Theorem 2.2]). Give C the topology t = tP generated by P and let E 7→ Et be
a functorial fibrant replacement for the t-local injective model structure in SptC
op
.
Let E be a presheaf of spectra on C. Then E has descent for P if and only if the
natural map E → Et is a global weak equivalence [5, Theorem 3.4]. If this is the
case we say that E has descent for t (or t-descent).
2.3. dg-Categories. The definitions in this subsection follow those in [13]. A k-
category is a category A whose hom-sets are k-modules and in which composition
is k-bilinear. A dg-category (over k) is a k-category A whose hom-sets are dg
k-modules and in which the morphisms
A(y, z)⊗A(x, y)→ A(x, z)
induced by composition are morphisms of dg k-modules; see [13, 2.1] for details.
Let C(k) be the category of dg k-modules and morphisms of dg k-modules.
We consider C(k) as a closed symmetric monoidal category with the usual tensor
product of dg k-modules and the structure we proceed to describe. Let E and
F be dg k-modules. The symmetry isomorphism E ⊗ F ≃ F ⊗ E is given by
v ⊗ w ↔ (−1)pqw ⊗ v for v ∈ Ep and w ∈ F q. The internal hom Hom(E,F ) has
components
Hom(E,F )p =
∏
q∈Z
homk(E
q, F q+p)
and differential d(f) = dF ◦ f − (−1)
pf ◦ dE for homogeneous f of degree p. With
these definitions, a dg-category over k is the same as a C(k)-category in the sense
of [15, 1.2].
There is a dg-category Cdg(k) whose objects are dg k-modules and whose hom-
sets are given by the internal hom in C(k) [13, 2.2].
Let A and B be dg-categories over k. A dg-functor F : A → B is a functor
such that the functions F (x, y) : A(x, y) → B(F (x), F (y)) are morphisms of dg k-
modules. Equivalently, a dg-functor is a C(k)-functor in the sense of [15, 1.2]. We
will write dgCatk for the category of small dg-categories over k and dg-functors.
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There is a symmetric tensor product ⊗k which makes dgCatk into a symmetric
monoidal category [13, 2.3].
Every dg-category A has an associated category H0(A) (resp. Z0(A)) which has
the same objects as A and whose hom-sets are given by zero cohomology modules
(resp. zero cycle modules)
homH0(A)(x, y) = H
0A(x, y) (resp. homZ0(A)(x, y) = Z
0A(x, y)).
The category H0(A) is called the homotopy category of A. A dg-functor F : A → B
is a quasi-equivalence if it induces an equivalence of categories H0(F ) : H0(A) →
H0(B).
Let A be a dg-category. A right A-module is a dg-functor M : Aop → Cdg(k);
here Aop is the opposite dg-category [13, 2.2]. We define C(A) to be the category
whose objects are the right A-modules and whose hom-sets homC(A)(M,N) consist
of the morphisms of functors ϕ :M → N such that ϕx : Mx→ Nx is a morphism
of dg k-modules for every object x of A. A morphism ϕ ∈ homC(A)(M,N) is
a quasi-isomorphism if the morphisms ϕx : Mx → Nx induce isomorphisms in
cohomology for every object x of A. The category C(A) has a model structure for
which the weak equivalences are the quasi-isomorphisms [13, Theorem 3.2]. The
derived category D(A) is by definition the category HoC(A).
A dg-functor A → B is a Morita equivalence if the restriction functor D(B) →
D(A) is an equivalence of categories; see [13, 4.6]. For example, every quasi-
equivalence is a Morita equivalence.
2.4. Pretriangulated dg-categories. Let A be a dg-category. The category
C(A) has a natural C(k)-enrichment into a dg-category Cdg(A) [15, 2.2]. There
is a Yoneda dg-functor Y : A → Cdg(A) which is fully faithful [15, 2.4]. A dg-
category A is pretriangulated if the image of the functor Z0(Y ) : Z0(A)→ C(A) is
closed under shifts and cones of morphisms of A-modules; see [13, 4.5]. This notion
of pretriangulated dg-category is the same as Keller’s notion of exact dg-category
[14, 2.1] and Drinfeld’s notion of strongly pretriangulated dg-category [9, 2.4].
The homotopy category H0Cdg(A) is a triangulated category in a natural way.
The Yoneda dg-functor induces a fully faithful functor H0(A) → H0Cdg(A). If
A is pretriangulated, the image of this functor is closed under shifts and cones.
Thus, H0(A) inherits a triangulated structure from H0Cdg(A). Any dg-functor
F : A → B between pretriangulated dg-categories induces a triangulated functor
H0(F ) : H0(A) → H0(B). Every dg-category A admits a universal dg-functor
A → pretr(A) into a pretriangulated dg-category [13, 4.5] and this dg-functor is a
Morita equivalence. Moreover, the dg-functor pretr(A) → Cdg(A) induced by the
Yoneda dg-functor A → Cdg(A) is fully faithful. For example if R is a k-algebra
considered as a dg-category with only one object, then Cdg(R) is the dg-category of
cochain complexes of right R-modules described in [13, 2.2] and pretr(R) identifies
with its full subcategory of strictly bounded complexes of finitely generated free
R-modules.
Write T ∼ for the idempotent completion [1, 1.5] of a triangulated category T .
Let F : A → B be a dg-functor with A non empty. Then F is a Morita equivalence
if and only if H0(F ) is fully faithful and H0(pretr(F ))∼ is essentially surjective
[21, 5].
2.5. dg-Enhancement of schemes. A dg-enhancement of a triangulated cate-
gory T is a pretriangulated dg-category T such that H0(T ) is triangle equivalent to
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T . It is possible to construct a presheaf of dg-categories Perf ? : Sch
op
k → dgCatk
which gives a functorial dg-enhancement of the derived category Dperf(S) of per-
fect complexes on a scheme S ∈ Schk; see for example [5, Example 2.7] and [18].
We proceed to describe briefly the idea of such a construction. First consider a dg-
category PerfS whose objects are a certain class of perfect complexes ofOS-modules
and whose dg k-modules of morphisms are given by the internal hom of cochain
complexes; in both references the strict perfect complexes of free OS-modules are
objects of PerfS. Then let AcS be the full subcategory of PerfS whose objects are
the acyclic complexes and define PerfS to be the Drinfeld quotient PerfS/AcS
[9, 3.1].
Let R be a commutative k-algebra of finite type and let S = SpecR. Consider
R as a dg-category over k with only one object; there is a dg-functor R → PerfS
which sends the unique object of R to the OS-module OS concentrated in degree
zero. Composing this with the dg-functor PerfS → PerfS we get a dg-functor ν :
R→ PerfS, which is a Morita equivalence as we proceed to explain. As explained
above, the dg-category pretr(R) can be identified with the full subcategory of PerfS
whose objects are strict perfect complexes of free OS-modules. The dg-functor ν
equals the composition
R→ pretr(R)→ PerfS → PerfS.
The morphism R → pretr(R) is a Morita equivalence. Write ζ for the composite
pretr(R)→ PerfS. The functor H
0(ζ) is fully faithful and identifies H0(pretr(R))
with the full subcategory ofDperf(S) whose objects are the strict perfect complexes
of free OS-modules. Moreover, the functor
H0(pretr(ζ))∼ : H0(pretr(R))∼ → H0(PerfS)
∼ ≃ Dperf(S).
is an equivalence since any perfect complex is quasi-isomorphic to a strict perfect
complex [22, 2.3.1 (d)] and any strict perfect complex is a direct summand of a
strict perfect complex of free R-modules. Thus ζ is a Morita equivalence.
3. Descent properties of Morita invariant and localizing functors
A functor E : dgCatk → Spt is Morita invariant if it sends Morita equiva-
lences to weak equivalences of spectra. A functor E : dgCatk → Spt is localizing
if it sends short exact sequences of dg-categories [13, 4.6] to homotopy fibration
sequences of spectra.
Examples of Morita invariant and localizing functors are non-connective alge-
braic K-theory K [19, 3.2.32] as well as Hochschild, cyclic, negative cyclic and
periodic cyclic homology, denoted HH , HC, HN and HP [14, 2.4]. These functors
recover the classical invariants for schemes when applied toPerfS. Throughout this
paper, cyclic homology and its variants are taken over Z. By a result of Thomason,
K-theory has descent for Nisnevich squares and for regular-blowup squares [22, 8.1].
By [5, Theorem 2.10] the same happens to cyclic homology. We recall the following
generalisation of these results, which is the particular case for dg-categories and
schemes over a field of a general result of Tabuada, valid over any commutative
ground ring.
Theorem 3.1. [20, Theorem 3.1] Let k be a field, E : dgCatk → Spt a Morita
invariant and localizing functor, and A a dg-category over k. Consider the functor
F : Schopk → Spt given by S 7→ E(PerfS ⊗k A). Then F has Nisnevich descent.
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In the same vein we have the following result.
Theorem 3.2. Let k be a field, E : dgCatk → Spt a Morita invariant and
localizing functor and A a dg-category. Consider the functor F : Schopk → Spt
given by S 7→ E(PerfS ⊗k A). Then F has descent for regular-blowup squares.
Proof. Let (2.1.1) be a regular blow-up. Assume that i is a regular embedding
of pure codimension d. We consider the filtration of Dperf(S˜) (resp. Dperf(T˜))
by the triangulated subcategories Dlperf(S˜) (resp. D
l
perf(T˜)) defined in [5, 1]. Let
Perf
S˜
be the pretriangulated dg-category constructed in 2.5. For l = 0, . . . , d− 1
let Perf l
S˜
be the full dg-subcategory of Perf
S˜
of objects that lie in Dlperf(S˜). The
dg-categories Perf l
S˜
give a filtration of Dperf(S˜) by pretriangulated dg-categories;
moreover H0(Perf l
S˜
) = Dlperf(S˜). In the same way we construct a filtration of
Perf
T˜
. There is a commutative diagram of dg-categories as follows.
PerfS Perf
0
S˜
Perf1
S˜
· · · Perfd−1
S˜
= Perf
S˜
PerfT Perf
0
T˜
Perf1
T˜
· · · Perfd−1
T˜
= Perf
T˜
p∗
j∗
q∗
j∗ j∗ j∗
To prove the theorem we must show that after tensoring this diagram with A
and then applying E the outer square is homotopy cocartesian. The dg-functor
p∗ : PerfS → Perf
0
S˜
(resp. q∗ : PerfT → Perf
0
T˜
) induces an equivalence upon
taking H0 by [5, Lemma 1.4]; thus it is a Morita equivalence. The dg-functor
j∗ : Perf l+1
S˜
/Perf l
S˜
→ Perf l+1
T
/Perf lT (l = 0, . . . , d− 2)
induces an equivalence upon taking H0 by [5, Proposition 1.5]; thus it is a Morita
equivalence. The result follows from these observations and the fact that tensoring
with A preserves Morita equivalences and short exact sequences of dg-categories
[9, 1.6.3]. 
4. Equivariant homology theories
4.1. Equivariant homology. Let G be a group. We will write SSetG for the
category of G-spaces and equivariant maps. Let Or(G) be the category whose
objects are the cosets G/H and whose morphisms are the homomorphisms of G-
sets. Let Grpd be the category of small groupoids. Let GG : G−Sets→ Grpd be
the functor which sends a G-set to its transport groupoid. By definition we have
obGG(U) = U and homGG(U)(x, y) = {g ∈ G/gx = y}. Let F : Grpd → Spt be
a functor that sends equivalences of categories to weak equivalences of spectra. As
explained in [17, Proposition 157], F gives rise to a equivariant homology theory
putting
HG(X,F ) :=
∫ G/H∈Or(G)
mapG(G/H,X)⊗ F (G
G(G/H))
for all X ∈ SSetG. In the formula above ⊗ stands for the simplicial action in
the simplicial closed model category of spectra: for Y ∈ SSet and E ∈ Spt the
spectrum Y ⊗ E is obtained by degreewise application of the functor Y+∧?. The
following lemmas will be used several times.
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Lemma 4.1.1. Let F, F ′ : Grpd → Spt be functors and let F → F ′ be an
objectwise weak equivalence. Then the map HG(X,F ) → HG(X,F ′) is a weak
equivalence of spectra for all X ∈ SSetG.
Proof. It follows from [8, Lemma 4.6]. 
Lemma 4.1.2. Let I be a small category and let F : I×Grpd→ Spt be a functor.
Let E : Grpd → Spt be given by E(G) = hocolimi∈I F (i,G). Let X ∈ SSet
G.
Then there is an isomorphism of spectra
hocolim
i∈I
HG(X,F (i, ?)) ≃ HG(X,E).
In particular HG(X, ?) preserves (objectwise) homotopy fibration sequences and ho-
motopy cartesian squares of spectra.
Proof. The last assertion follows from the first one using Lemma 4.1.1 because ho-
motopy fibration sequences and homotopy cartesian squares of spectra are homo-
topy colimits (they are homotopy cofibration sequences and homotopy cocartesian
squares respectively). The first assertion follows from Fubini’s theorem for coends
and from the fact that tensoring with a simplicial set in a simplicial model category
commutes with the integral sign since it is a left adjoint. 
4.2. Equivariant K-theory and cyclic homology. Let k be a field of charac-
teristic zero. Let E : dgCatQ → Spt be a Morita invariant functor.
To every scheme S ∈ Schk we associate a functor ES : Grpd→ Spt putting
ES(G) := E(PerfS ⊗Q Q[G]).
Because of Morita invariance, ES sends equivalences of categories to weak equiv-
alences of spectra. Hence ES gives rise to an equivariant homology H
G(?, E(S)).
Note that the assignment S 7→ ES is contravariantly functorial, so a morphism of
schemes induces a morphism between the corresponding homologies. In this way
we obtain equivariant homologies HG(?,K(S)), HG(?, HC(S)), HG(?, HN(S)),
and HG(?, HP (S)).
To every ring R we associate a functor ER : Grpd→ Spt putting
ER(G) := E(R[G]).
Because of Morita invariance, ER sends equivalences of categories to weak equiv-
alences of spectra. Then ER gives rise to an equivariant homology H
G(?, E(R)).
Note that the assignment R 7→ ER is covariantly functorial.
Remark 4.2.1. Let S = SpecR be an affine scheme and let ν : R→ PerfS be the
dg-functor described in 2.5. For every groupoid G the morphism
R[G] = R⊗Q Q[G]
ν⊗1
−→ PerfS ⊗Q Q[G]
is a Morita equivalence and we get a weak equivalence ER(G)
∼
−→ ES(G) by Morita
invariance. By Lemma 4.1.1 we get HG(X,E(R))
∼
−→ HG(X,E(S)) for all X ∈
SSetG.
Remark 4.2.2. Let S = SpecR be an affine scheme. Let G be a group and let
G/H ∈ OrG. Recall that homGG(G/H)(H,H) = H . If we consider H as groupoid
with only one object ∗, there is an equivalence of categories H → GG(G/H) which
sends ∗ to the coset H ∈ G/H . This equivalence induces a k-linear functor
R[H ] → R[GG(G/H)] which is also a category equivalence, and in particular a
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quasi-equivalence. By Morita invariance and Remark 4.2.1 we get a weak equiva-
lence
E(R[H ])
∼
−→ ES(G
G(G/H)). (4.2.3)
Note that this weak equivalence is natural in E but not in G/H .
4.3. Equivariant Chern character and infinitesimal K-theory. Let A be a
(not necessarily commutative) k-algebra. The infinitesimal K-theoryK inf(A) is the
homotopy fiber of the Chern character K(A)→ HN(A). In this section we define
a natural Chern character KS(G)→ HNS(G) that coincides with the classical one
when S is affine and G = GG(G/H) (see Remark 4.2.2).
Let E : dgCatQ → Spt be a functor. For each S ∈ Schk define E
aff
S
: Grpd→
Spt by Eaff
S
(G) := ESpecOS(S)(G). The morphism S → SpecOS(S) induces a
natural transformation Eaff
S
→ ES. Now fix a groupoid G. We have presheaves
of spectra E?(G) and E
aff
? (G) on Schk. The natural map E
aff
? (G) → E?(G) is a
Zariski-local weak equivalence because both presheaves coincide on affine schemes.
By Morita invariance we haveKaff
S
(G)
∼
−→ K(OS(S)⊗QQ[G]) andHN
aff
S
(G)
∼
−→
HN(OS(S)⊗QQ[G]) naturally inS and in G. Then the Chern character for Z-linear
categories [4, 8.1.6] induces a natural transformation chaff : Kaff? (G) → HN
aff
? (G).
Choose a fibrant replacement functor
ηF : F 7→ FZar
for the Zariski-local injective model structure in the category of presheaves of spec-
tra on Schk. Consider the following diagram:
K?(G)
ηK

Kaff? (G)
oo ch
aff
//

HNaff? (G)
//

HN?(G)
ηHN

K?(G)Zar K
aff
? (G)Zar
θKoo ch
aff
Zar // HNaff? (G)Zar
θHN // HN?(G)Zar
Note that the presheaves K?(G) and HN?(G) have Zariski descent by Theorem 3.1.
The morphisms θK , θHN , ηK and ηHN are global weak equivalences beacause they
are Zariski-local weak equivalences between presheaves that satisfy Zariski descent.
These weak equivalences and the morphism chaffZar define a Chern character map
ch : KS(G)→ HNS(G). It is clear that this map is natural in G and coincides with
the usual Chern character in the affine case.
For S ∈ Schk we define K
inf
S
: Grpd→ Spt by
K infS (G) := hofiber(ch : KS(G)→ HNS(G)). (4.3.1)
Because of (4.2.3) the Chern character defined above coincides with the usual one
in the affine case and there is a weak equivalence
K infSpecR(G
G(G/H))
∼
−→ K inf(R[H ]) (4.3.2)
which is natural in R. The functor K inf
S
sends equivalences of categories to weak
equivalences of spectra because both KS and HNS have that property. Thus K
inf
S
gives rise to an equivariant homology theory HG(?,K inf(S)). By Lemma 4.1.2
there is a homotopy fibration sequence
HG(X,K inf(S))→ HG(X,K(S))→ HG(X,HN(S)) (4.3.3)
for every X ∈ SSetG and every S ∈ Schk.
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5. Descent results for equivariant homologies
Lemma 5.1. Let X ∈ SSetG and let E ∈ {K,HC,HN,HP,K inf}. Then the
presheaf of spectra HG(X,E(?)) has Nisnevich descent and descent for regular-
blowup squares in Schk.
Proof. Let E ∈ {K,HC,HN,HP} and let (2.1.1) be a Nisnevich square (resp. a
regular blowup square). Theorem 3.1 (resp. Theorem 3.2) implies that the square
E
T˜
(G) E
S˜
(G)oo
ET(G)
OO
ES(G)oo
OO
is homotopy cartesian for every groupoid G. It follows from Lemma 4.1.2 that
HG(X,E(?)) sends (2.1.1) into a homotopy cartesian square of spectra.
In the case of K inf the assertion follows from the corresponding statements for
K and HN and from the homotopy fibration sequence (4.3.3). 
Proposition 5.5 below states that HG(X,E(?)) has cdh-descent on Schk for
E ∈ {HP,K inf}. We first recall some definitions and results. Let Rng be the
category of rings, and let C ⊂ Rng be a subcategory.
Definition 5.2. A Milnor square is a commutative square of rings
A //

B

A/I // B/J
in which I is an ideal of A, J is an ideal of B and f maps I isomorphically onto J .
Let F : C → Spt be a functor. We say that F satisfies excision if it sends Milnor
squares in C to homotopy cartesian squares of spectra.
The Cuntz-Quillen theorem ([7]) establishes excision for HP of Q-algebras. Ex-
cision for infinitesimal K-theory of Q-algebras was proved in [3].
Definition 5.3. A functor F : C→ Spt is nilinvariant if for every ring R ∈ C and
every nilpotent ideal I of R the map F (R)→ F (R/I) is a weak equivalence.
Nilinvariance for HP of Q-algebras was proved by Goodwillie in [10, Theorem
II.5.1]. Nilinvariance for K inf follows from another theorem of Goodwillie [11, Main
Theorem].
Let F be a presheaf of spectra on Schk. Assume that F satisfies Zariski descent.
We say that F satisfies excision (resp. is nilinvariant) if R 7→ F (SpecR) satisfies
excision (resp. is nilinvariant) on the category of commutative k-algebras of finite
type.
We recall the following criterion for cdh-descent.
Theorem 5.4 ([5, Theorem 3.12]). Let k be a field of characteristic zero. Let F
be a presheaf of spectra on Schk. Suppose that F satisfies excision, nilinvariance,
Nisnevich descent and descent for regular-blowup squares. Then F has cdh-descent.
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Proposition 5.5. Let k be a field of characteristic zero. Let X ∈ SSetG and let
E ∈ {HP,K inf}. Then the presheaf of spectra HG(X,E(?)) has cdh-descent on
Schk.
Proof. The result will follow from Theorem 5.4. The presheaf HG(X,E(?)) has
Nisnevich descent and descent for regular-blowup squares by Lemma 5.1. Let f :
R → S be a morphism of commutative k-algebras and let I be an ideal of R
which is mapped isomorphically onto an ideal J of S. Let G/H ∈ OrG. Then
f [H ] : R[H ] → S[H ] is a k-algebra morphism and I[H ] is an ideal of R[H ] which
is mapped isomorphically onto the ideal J [H ] of S[H ]. The excision results of [7]
and [3] imply that the square
E(R[H ]) //

E(S[H ])

E((R/I)[H ]) // E((S/J)[H ])
is homotopy cartesian. The equivalences (4.2.3) and (4.3.2) imply that the following
square is homotopy cartesian:
ESpecR(G
G(G/H)) //

ESpecS(G
G(G/H))

ESpecR/I(G
G(G/H)) // ESpecS/J(G
G(G/H))
Excision forHG(X,E(?)) follows from Lemma 4.1.2. Nilinvariance forHG(X,E(?))
is proved in a similar way, using the equivalences (4.2.3) and (4.3.2) and the nilin-
variance results for HP and K inf due to Goodwillie and cited above ([10, Theorem
II.5.1] and [11, Main Theorem]). 
Choose a fibrant replacement functor F 7→ Fcdh for the cdh-local injective model
structure in the category of presheaves of spectra on Schk. For a presheaf F let
FF be the homotopy fiber of the natural morphism F → Fcdh. Then for every
S ∈ Schk we have a homotopy fibration sequence
FF (S)→ F (S)→ F (S)cdh. (5.6)
Theorem 5.7 (cf. [6, Theorem 1.6]). Let G be a group and X a G-space. Also
let k be a field of characteristic zero and S ∈ Schk. Then there is a homotopy
fibration sequence
FHG(X,HC(S))[−1]→ HG(X,K(S))→ HG(X,K(S))cdh.
Proof. It follows from Proposition 5.5 by the argument of [6, Theorem 1.6]. 
6. Isomorphism conjectures
Recall from the Introduction the definition of the strong isomorphism conjecture
for a cuadruple (G,F , E,R). By a result of Lu¨ck and Reich [16, Theorem 1.7] the
strong isomorphism conjecture with coefficients in HC(R) holds for any group G
and any family F containing all cyclic subgroups of G. We shall prove a variant
of Lu¨ck-Reich’s result with coefficients in a scheme. We need some notation. Let
k be a field of characteristic zero and let S ∈ Schk. Also let G be a group and
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f : X → Y an equivariant map of G-spaces. Then f induces a map of homotopy
fibration sequences
FHG(X,HC(S)) //

HG(X,HC(S))

// HG(X,HC(S))cdh

FHG(Y,HC(S)) // HG(Y,HC(S)) // HG(Y,HC(S))cdh
(6.1)
Proposition 6.2. Let F be a family of subgroups containing all the cyclic subgroups
of G. Assume that f : X → Y is a (G,F)-equivalence. Then the vertical maps in
(6.1) are weak equivalences.
Proof. By [4, Proposition 7.6] the vertical map in the middle of (6.1) is a weak
equivalence for affine S. Hence
HG(X,HC(?))→ HG(Y,HC(?)) (6.3)
is a Zariski local weak equivalence; by Lemma 5.1 it is a global weak equiva-
lence. This shows that the vertical map in the middle of (6.1) is a weak equiv-
alence. Similarly, because the map (6.3) is a Zariski local equivalence, it is also a
cdh-local equivalence. Hence it induces a global equivalence HG(X,HC(?))cdh →
HG(Y,HC(?))cdh. This proves that the rightmost vertical map of (6.1) is a weak
equivalence. By the five lemma, it follows that also the leftmost vertical map is a
weak equivalence. This completes the proof. 
We are now ready to prove our main theorem.
Theorem 6.4. Let F be a family of subgroups of G that contains all the cyclic
subgroups. Let k be a a field of characteristic zero and let f : X → Y be a (G,F)-
equivalence. Suppose that HG(f,K(R)) is a weak equivalence for every commu-
tative smooth k-algebra R. Then HG(f,K(R)) is a weak equivalence for every
commutative k-algebra R. In particular, if the (strong) isomorphism conjecture
for (G,F ,K,R) holds for every commutative smooth k-algebra R, then it holds for
every commutative k-algebra R.
Proof. Because F ⊃ Cyc, the map FHG(f,HC(S)) is a weak equivalence for all
S ∈ Schk, by Proposition 6.2. Because H
G(f,K(R)) is a weak equivalence for
smooth R, HG(f,K(?)) is a cdh-local weak equivalence. Hence HG(f,K(S))cdh
is a weak equivalence for every S ∈ Schk. By Theorem 5.7 and what we have
just proven, HG(f,K(S)) is a weak equivalence for every S ∈ Schk. In particular
HG(f,K(R)) is a weak equivalence for R commutative and of finite type over k.
Because HG(f,K(?)) commutes with filtering colimits up to homotopy, it follows
that HG(f,K(R)) is a weak equivalence for every commutative k-algebra R. 
Corollary 6.5. Let G be a group. If G satisfies the K-theoretic Farrell-Jones con-
jecture with coefficients in every commutative smooth Q-algebra R then it also sat-
isfies the Farrell-Jones conjecture with coefficients in any commutative Q-algebra.
References
[1] Paul Balmer and Marco Schlichting, Idempotent completion of triangulated categories, J.
Algebra 236 (2001), no. 2, 819–834, DOI 10.1006/jabr.2000.8529. MR1813503 (2002a:18013)
[2] Gunnar Carlsson and Boris Goldfarb, Algebraic K-theory of geometric groups, available at
arXiv:1305.3349v2.
14 GUILLERMO CORTIN˜AS AND EMANUEL RODRI´GUEZ CIRONE
[3] Guillermo Cortin˜as, The obstruction to excision in K-theory and in cyclic homology, Invent.
Math. 164 (2006), no. 1, 143–173.
[4] Guillermo Cortin˜as and Eugenia Ellis, Isomorphism conjectures with proper coefficients,
J. Pure Appl. Algebra 218 (2014), no. 7, 1224–1263, DOI 10.1016/j.jpaa.2013.11.016.
MR3168494
[5] Guillermo Cortin˜as, Christian Haesemeyer, Marco Schlichting, and Charles Weibel, Cyclic
homology, cdh-cohomology and negative K-theory, Ann. of Math. (2) 167 (2008), no. 2, 549–
573.
[6] G. Cortin˜as, C. Haesemeyer, and C. Weibel, K-regularity, cdh-fibrant Hochschild homology,
and a conjecture of Vorst, J. Amer. Math. Soc. 21 (2008), no. 2, 547–561, DOI 10.1090/S0894-
0347-07-00571-1. MR2373359 (2008k:19002)
[7] Joachim Cuntz and Daniel Quillen, Excision in bivariant periodic cyclic cohomology, Invent.
Math. 127 (1997), no. 1, 67–98.
[8] James F. Davis and Wolfgang Lu¨ck, Spaces over a category and assembly maps in isomor-
phism conjectures in K- and L-theory, K-Theory 15 (1998), no. 3, 201–252.
[9] Vladimir Drinfeld, DG quotients of DG categories, J. Algebra 272 (2004), no. 2, 643–691.
[10] Thomas G. Goodwillie, Cyclic homology, derivations, and the free loopspace, Topology 24
(1985), no. 2, 187–215.
[11] , Relative algebraic K-theory and cyclic homology, Ann. of Math. (2) 124 (1986),
no. 2, 347–402.
[12] J. F. Jardine, Generalized e´tale cohomology theories, Progress in Mathematics, vol. 146,
Birkha¨user Verlag, Basel, 1997. MR1437604 (98c:55013)
[13] Bernhard Keller,On differential graded categories, International Congress of Mathematicians.
Vol. II, Eur. Math. Soc., Zu¨rich, 2006, pp. 151–190.
[14] , On the cyclic homology of exact categories, J. Pure Appl. Algebra 136 (1999), no. 1,
1–56.
[15] G. M. Kelly, Basic concepts of enriched category theory, Repr. Theory Appl. Categ. 10 (2005),
vi+137. Reprint of the 1982 original [Cambridge Univ. Press, Cambridge; MR0651714].
[16] Wolfgang Lu¨ck and Holger Reich, Detecting K-theory by cyclic homology, Proc. London
Math. Soc. (3) 93 (2006), no. 3, 593–634.
[17] , The Baum-Connes and the Farrell-Jones conjectures in K- and L-theory, Handbook
of K-theory. Vol. 1, 2, Springer, Berlin, 2005, pp. 703–842.
[18] Emanuel Rodr´ıguez Cirone, A strictly-functorial and small dg-enhancement of the derived
category of perfect complexes, available at arXiv:1502.06573v1.
[19] Marco Schlichting, Higher algebraic K-theory, Topics in algebraic and topological K-theory,
Lecture Notes in Math., vol. 2008, Springer, Berlin, 2011, pp. 167–241.
[20] Gonc¸alo Tabuada, En-regularity implies En−1-regularity, available at arXiv:1212.1112.
[21] , Invariants additifs de DG-cate´gories, Int. Math. Res. Not. 53 (2005), 3309–3339,
DOI 10.1155/IMRN.2005.3309 (French). MR2196100 (2006k:18018)
[22] R. W. Thomason and Thomas Trobaugh, Higher algebraic K-theory of schemes and of derived
categories, The Grothendieck Festschrift, Vol. III, Progr. Math., vol. 88, Birkha¨user Boston,
Boston, MA, 1990, pp. 247–435. MR1106918 (92f:19001)
[23] Vladimir Voevodsky, Homotopy theory of simplicial sheaves in completely decomposable
topologies, J. Pure Appl. Algebra 214 (2010), no. 8, 1384–1398.
[24] , Unstable motivic homotopy categories in Nisnevich and cdh-topologies, J. Pure
Appl. Algebra 214 (2010), no. 8, 1399–1406, DOI 10.1016/j.jpaa.2009.11.005. MR2593671
(2011e:14041)
E-mail address: gcorti@dm.uba.ar
URL: http://mate.dm.uba.ar/~gcorti
E-mail address: ercirone@dm.uba.ar
Dep. Matema´tica-IMAS, FCEyN-UBA, Ciudad Universitaria Pab 1, 1428 Buenos Aires,
Argentina
